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ABSTRACT 

In this paper, the structure of the set of invariant measures on a transformation 
group which is a free compact abelian group extension of another transforma- 
tion group is studied from both the geometric and analytic viewpoints. It is 
shown in general that genuine ergodic decompositions are obtained in the 
non-metric setting for measures that project onto an ergodic measure. In 
addition, when all the spaces involved are metric, there is a structure theorem 
for all ergodic measures in terms of the ergodic measures on the base and 
naturally defined subgroups. 

Introduction 

In this paper,  we study the collection of invariant measures  of a t ransforma-  

tion group (X, T) which is a free (compact  group) G-extens ion of a t ransforma-  

tion group (Y, T). Our purpose is twofold: 

(i) to study the structure of  invariant measures  in the general setting of a 

compact  Hausdorff  space X, an arbitrary compact  group G, and the require- 

ment that (X, T) admit an invariant measure;  and 

(ii) a detailed analysis of ergodic measures  in the case when X is compact  

metric,  G is compact  abelian and T is locally compact  and separable.  

One problem that arises in studying invariant measures  in the non-metric 

case is the fact  that Choquet  theory does not necessarily lead to a genuine 

ergodic decomposi t ion of an invariant measure.  In Section 2 we show that we 

do obtain genuine ergodic decomposi t ions  if we restrict our attention to certain 

classes of invariant measures  which arise quite naturally, namely those which 

project  onto ergodic measures  (Y, T). 

In Section 3 we make the restrictions mentioned in (ii) above,  and prove that 

the ergodic measures  on (X, T) which project  to a particular ergodic measure 

on ( Y, T) have a rather nice structure. In particular we construct  a collection of 

strictly T-invariant  Borel sets each of which supports  exactly one of these 
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ergodic measures,  and we give a complete  description of these measures  based 

on the given ergodic measure on (Y, T) and a certain subgroup of G. Finally we 

indicate how far these results carry over  for a non-metric  space X. 

In Section 4 we look at general inverse limit sys tems of t ransformat ion 

groups and show that the corresponding spaces of invariant measures  also fo rm 

an inverse limit system. In particular, if we have an inverse limit sequence 

(possibly transfinite) of free G-extens ions  then we can in some sense describe 

the ergodic measures  on the inverse limit. This result may have some interest in 

the case of a distal flow built by group extensions and inverse limits. 

In Section 5 we analyse an example  of Furs tenberg and show how, by 

altering the action, we can obtain all the different types of ergodic extensions 

for  circle extensions.  We also generalise this slightly to groups with monothet ic  

subgroups.  Finally, we make some remarks  about ent ropy in the case of  integer 

actions. 

In Section 6 we briefly indicate similar results which can be obtained for  

minimal sets in free topologically simple G-extensions .  T h e  only restriction 

here is that G be abelian. 

At various points in the work we have tried to indicate the roles played by 

our different assumptions on X, G and 7", and to point out some problems 

which arise in these connections.  We also indicate how far our results apply to 

homomorph isms  more general than G-extensions.  

Finally, we wish to emphasize  in the case of an integer action (i.e., a 

homeomorphism)  on a compact  metric space, some of the results here can be 

obtained in a relatively simple and straightforward fashion. The basic reason 

for  this is the existence of ergodic sets and quasi-regular points. The thrust of 

this s tudy is to show that in the more general setting with regard to both the 

space and the acting group, one can obtain the corresponding results and 

extensions by avoiding the ergodic theorem and using more careful analysis 

and geometry.  In some sense, we feel that these .methods and the application to 

the objects  described in this paper  are an indication of the proper  setting in 

which to study these systems.  

Some of these results have been announced in [8]. 

1. Preliminaries 
1.1. Notation and assumptions. A measure is to be regarded as a regular 

Borel probabili ty measure,  with one exception described in (1.2), and other 

except ions in the general discussion of Choquet  theory in Section 2. If ~ is a 

measure  we use the notation [p~] to mean "a lmost  everywhere  relative to p " .  
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Maps are to be regarded as continuous unless otherwise specified. 

We let (X,T)  denote a transformation group, where X is a compact  

Hausdorff space and T is an arbitrary topological group. The notation (t E T) 

at the end of a statement means that the statement holds for all t ~ T. We let 

~ ( X )  denote the collection of Borel sets of X and M(X, T) the collection of 

T-invariant measures on X. We shall always assume that M(X, T) is non- 

empty;  various assumptions on X and T which arise frequently will imply this 

fact. For example if T is discretely amenable (see (2.3) for a definition, which 

includes T abelian), or if (X, T) is a distal flow [6], [4, Prop. 4.3, p. 164], then 

M(X, T) is non-empty. 

We let G denote a compact  group. In some sections, we make extra 

hypotheses on G which will stand throughout that section. If G is abelian then 

we denote its character group by x(G).  We use the symbol K for the circle 

group of complex numbers of absolute value I and ~ ( X , K )  for the collection 

of Borel maps from X to K. 

1.2 M e a s u r e s  on t r a n s f o r m a t i o n  groups .  A measure /L E M(X, T) is called 

ergodic if A E !~(X) and f f(tA A A ) = 0  (t @ T), implies / ~ ( A ) = 0  or l. The 

collection of ergodic measures will be denoted by E(X, T). With the weak 

topology, M(X, T) is a compact  convex set and E(X, T) is its set of extreme 

points. Under our assumption that M(X, T) is non-empty it follows that 

E(X, T) is non-empty. For a general reference, see [i I, Sect. 10]. 

By a homomorphism @: (X, T)-->( Y, T) we mean an onto map @: X-->Y such 

that ~ ( t x ) =  t4P(x). If @: (X, T)-->(Y, T) is a homomorphism then there is an 

induced map 4p*: M(X, T) -~M(Y,  T), which is continuous in the weak to- 

pologies, given by ~*/.~([) = / ~ ( f o ~ )  ( [ E ~ ( Y ) ,  /~ C M(X, T)). Here we use 

the notation /~(f) for J'fd#. If m E M ( Y , T )  then we denote by @ 'm the 

measure (not regular Borel) which is defined on the ~r-algebra @- '~(Y)  by the 

relation • ' m ( ~ - ' B )  = re(B) (B E~.~(Y)). Note if ~*/~ = m then tx and • 'm 

agree on the cr-algebra ~P L~(Y). This fairly trivial observation has some 

important consequences in formulating our results. 

1.3 G-extensions. Lel (X, T) be a transformation group and let G act freely 

on X in such a way that the actions of G and T commute.  That is, there is a 

map G x X ~ X ,  (g ,x )~gx ,  such that: 

(i) g, (gx)=(g ,g)x  (g,,g • G ) ;  

(ii) g x  - x if and only if g = e, e denoting the identity element of G;  

(iii) t(gx) = g(tx) (g E G, t E T, x E X). 
It follows that for each g E G the map x-->gx is an isomorphism of (X, T) to 
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itself. Requi rement  (iii) implies that there is induced an act ion of  T on the orbi t  

space  X / G  given by t (Gx) = G(tx). We say that (X, T) is a free G-extension of  

( Y, T) if (Y, T) is i somorphic  to (X/G, T). When this is the case  we will regard 

(Y, T) as identified with (X/G, T) and 7r: (X, T)---~(Y, T) will deno te  the map 

which sends a point on to  its G-orbi t .  Should we wish to emphas ize  G, we will 

write 7r:IG;X,T)--~(Y,T) ,  and we will also of ten  refer  to ~ as a f ree 

G-ex tens ion .  

If H is a closed subgroup of  G then we can "spl i t"  the free G-ex tens ion  

7r: ( G ;  X, T)---~(Y, T) into a f ree H-ex tens ion  7r,: ( H :  X, T)---~(X/H, T) and a 

h o m o m o r p h i s m  7r2: (X/H,  T)--~( Y, T), where 7r= is defined by the requi rement  

rr=o 7r, = ~r. If  H is a normal  subgroup of G then there is a natural act ion of  the 

quot ient  g roup  G/H on X / H  defined by (gH) (Hx)=  H(gx) ( g H ~  G/H, 

Hx ~ X / H ) .  In this case ~r2 becomes  a free G/H-extension, 

~:: (G/H;  X/H,  T)--~( Y, T). This splitting is of  part icular  impor tance  when  we 

s tudy the ergodic measures  on abelian G-extens ions .  In fact  to each m 

E(  Y, T), we will associa te  a subgroup H(Tr, In) of  G, and then all the measures  

u ~ E(X, T) with 7r*u = m can be descr ibed by two simple opera t ions  over  the 

splitting by H(~-, rn). 

1.4 Functions of type ~/. Th roughou t  this subsect ion we assume that G is 

abelian and that (X, T) is a free G-ex tens ion  of  (Y, T). 

DEFiNITiON 1.4.1. Let 3' E x (G)  .An f C ~(X,  K)  is said to be of  type 7 if 

f (gx)  = y(g) f (x )  (x @ X,g E G). We reserve the notat ion f~ for  a funct ion  of  

type 7. 
Parry [8, p. 100] has shown that for  each 3' E x (G)  there exist func t ions  of  

type ~/. His result is stated for  c om pa c t  metric Y but the p roof  only  uses the 

c o m p a c t n e s s  of  Y and the normal i ty  o f  X and so applies to the si tuation that 

we are studying.  

N o w  fix a measure  m E E(Y,  T) and let # E M(X, T) satisfy 7r*/z = m. We 

are interested in the fol lowing equat ions  for  funct ions  of  type 3': 

(I) f~ ot  = f~[/xl (t E T), 

f o_E~t f ~ ot 
(2) foTr f~ [ g ] ( t E T )  f o r s o m e f ~ 1 3 ( Y , K ) .  

The first observa t ion  we make is that if ei ther  of  these two equat ions  is 

satisfied for  an x E X then it is satisfied for  all gx in the G-orbi t  of  x. In o ther  

words ,  we are only measur ing col lect ions  of  G-orb i t s  and we claim that we can 

replace p~ by 7r Im in (I) and (2) (see (1.2) for  the definition of  ~--Jm). This 
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means that the sets of 3"s for which these equations have solutions depend only 

on the extension zr and the measure m. To show our claim, consider 

A ={x: f~( tx )=fv (x ) ( tET)} .  Then A =rr-'rrA, and moreover ,  t z (A)=i .  
Now let (A,)  be a sequence of compact  subsets of  A with p~(A,,)-->l. Since for 

each n, zr(An)@~(Y), then U n r r ( A , ) @ . ~ ( Y )  and m ( U . n ' ( A . ) ) = l .  

Hence,  if Ao = rr '( U , rr(A,)) ,  then AoE zr '(,~A(Y)), and rr- ' rn(Ao) = 1. Re- 

stricting our equations to Ao gives the desired result. A similar argument  holds 

for  the second equation. 

The second observat ion is that if equation (1) is satisfied for some f~, then 

equation (2) is satisfied with f--- I. Converse ly ,  if equation (2) is satisfied for 

some f~ and f, then (1) is satisfied with the function f~/(fo ~r) which is also of 

type 7- Using these observat ions,  we now define a subset of x(G). 

DEFINITION 1.4.2. We denote by F(~r, m)  the set of 7 G~ x(G) for which there 

is a function f~ of type y satisfying f~ot : f~[cr 'm]  (t E T). Alternatively, 

F(~r, m)  is the set of  7 Ex(G)  for  which there is a function [~ of type y and a 

function f ~ ?J3( Y, K) satisfying 

f o ~ o t _ f  ot 
foTr - ~ - - ~  [¢r- 'm]  ( t E T ) .  

The advantage of the second description is that if one function of type y 

satisfies the above  equation then every function of type ), also satisfies it (with 

different f ~ ~ ( Y ,  K)). See [9, p. 98]. 

Note  that F(rr, m)  is a subgroup of x(G) . We will denote by H(rr, m) the 

subgroup of G which annihilates F(rr, m).  

1.5. Convolut ions  of  measures .  Let ~r: (G;  X, T)-->(Y, T) and denote  by 

P(G) the collection of regular Borel probabili ty measures  on G. We will define 

a convolution operation of P(G) on M(X, T) and discuss its e lementary  

properties.  We use the same notation for this operation and the usual 

convolution operation between elements  of P(G). 

DEFINITION 1.5. l. For a E P(G), ~ E M(X, T) we define cr * ~z by 

PROPOSITION 1.5.2. (I) a * t z C M ( X , T )  (aCP(G) ,  # ~ M ( X , T ) ) .  

(2) a *(/3 * p,) = (a  * f l )* /z  (a, f lEP(G) ,  # E M ( X , T ) ) .  
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(3) (a,a,  + a2a~) *IX = a , ( a ,* ix )  + a2(a2*ix ) ( a , , a ~ E  P(G) ,  IX E M(X ,  T)) 

where O <- ai <- l, i =  1,2, and a~ + a2 = i. 

(4) The operation * from P(G)  x M(X ,  T)  to Mi X ,  T) is continuous in the 

weak topologies. 

PROOF. T h e s e  p roper t i e s  are easy  c o n s e q u e n c e s  of  the definit ions.  

The  set  P(G)  is a topological  s emig roup  under  the convo lu t ion  opera t ion  and 

par ts  i l l  (2), and (4) of  Propos i t ion  1.5.2 imply that  we have  a con t inuous  

s emig roup  act ion of  P(G)  on M(X,  T). If we assoc ia te  to each  e l emen t  g @ G 

the a tomic  measu re  6~ which gives measu re  I to the e l emen t  g then we obta in  

an e m b e d d i n g  of  G in P(G)  and hence  an act ion of  G on M(X,  T). In 

a c c o r d a n c e  with usual prac t ice  we will deno te  6, * Ix by gix ; gix(A)  = tx(g-~A). 

T h e  act ion of  P(G)  on M(X,  T) is not  f ree  and in o rder  to deal with this we will 

define an equ iva lence  relat ion on P(G)  via a subgroup  H of  G. 

DEFINITION 1.5.3. Le t  ~r," G--~ G ] H  deno te  the natural  map  f r o m  G to the 

set  G / H  of  left H - c o s e t s .  We say that  a, [3 E P i G )  are equivalent rood H if the 

induced m e a s u r e s  7r;~a and 7r;~[3 coincide on G[H. 

If a @ P i G )  is such that  ~r;~a is a point  mass  measu re  on G ]H  then we say 

that  a is a point mass rood H. 

Note  that  rr;~P(G) = P i G / H )  and the a b o v e  relat ion is the one  i n d u c e d ' b y  

this map.  Also, P ( G ] H )  is a c o m p a c t  c o n v e x  set  with the point  mass  m e a s u r e s  

as e x t r e m e  points.  

THEOREM 1.5.4. For Ix ~ M(X ,  T), define the subgroup H,  of  G by H,  = 

{g E G : gIx = Ix }. Then the orbit P (G)  * tz is the image of  P ( G / H , )  under the 

affine map rr % a ~ a * Ix. If Ix @ E ( X, T),  then P ( G ) * Ix is affinely homeomor-  

phic to P ( G [ H , ) .  

PROOF. Fo r  s implici ty ,  we deno te  H ,  by  H and the map  by  ~. We  first show 

that  ~ is well-defined.  Let  a,[3 E P ( G ) w i t h  7r;~a = zr~[3. N o w  if .t'@ ~ ( X ) ,  

then the func t ion  gix( / ) ,  as a funct ion  of  G, is cons tan t  on left  H - c o s e t s ,  and 

thus defines a con t inuous  func t ion  on G / H  which we deno te  by /~ [ .  No te  that  

IxI([gl )  = gix(I) ,  if [gl  E G/H. We then have  

a , i x ( f ) =  ~ g i x ( l ) d a =  J~, ~-f ( [g l )dzr ; , a  = f~,,Ix--f([gl)dTr;~[3 

= ~, gIx(f)d[3 = [3 Iz (f). 

Since f is a rb i t ra ry ,  a * Ix = [3 */z. 

It is direct  to ver i fy  that  q~ is affine and cont inuous .  Since ~ - ~ P ( G ) =  

P ( G [ H ) ,  ~ is onto .  
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Finally, suppose IX is ergodic. Then gix is ergodic ( g E G ) ,  and 

G/H---~E(X, T), [g]-*gix, is a homeomorphism onto. Suppose a * IX =/3 * IX = 

v. Then 

= ..J~,. gix(f)d~r'ua([g])= _J.,. gix(I)dTr~/3([gl) q E ~ (X) ) ,  v( f )  

and these give integral representations for v over the extreme points E(X,  T) 

of M(X,  T). Since M(X,  T) is a simplex, it follows from general Choquet 

theory (cf. (2.1)) that these two representations are equal, and hence 7 r ~  = 

ar~/3. Thus, to is one-to-one, completing the proof. 

COROLLARY 1.5.5. (!) The extreme points of P ( G ) *  tz are those a * tx [or 

which a is equivalent to a point mass rood H.. 

(2) If Ix is ergodic, there exists exactly one G-invariant measure in P(G)  * Ix, 

namely A * Ix, where ~ denotes Haar measure on G. 

PROOF. The first assertion follows because the point masses are the extreme 

points of P ( G / H . ) ,  and every extreme point of P(G)  * IX is the image under the 

affine map tO of an extreme point of P ( G / H . ) .  

The second assertion follows because there is a unique "Haa r"  measure on 

G]H. which is invariant under the natural action of G on G/H. ,  namely 7r*mA. 

REMARK. If IX is ergodic, then the extreme points of P(G)*IX are 

homeomorphic to G / H .  and the representation a * Ix may be regarded as an 

integral representation over the extreme points with representing measure 

~-~a. Hence, all the extreme points of P ( G ) *  Ix are ergodic, and we obtain 

ergodic decompositions for the measures a * IX. 

COROLLARY 1.5.6. q V is ergodic and A * v is ergodic, P ( G ) *  v = {v}. 

PROOF. If A * v is ergodic then it is extreme in P ( G ) *  v and hence A is 

equivalent to a point mass mod Hr. This can only happen if H, = G. But then 

G/Hv = {e} and hence P(G)  * v consists of the single point v = A * v. 

In Section 2 we will show that the sets P ( G ) *  IX, IX E E(X,  T), occur quite 

naturally in the study of G-extensions. 

1.6. Conditional expectation. At some points in this paper we will have to 

make use of the conditional expectation operator and its properties (see 

Billingsley, [1, p. 106if], for more details). 

Let (X,~,IX) be a probability space, let [ @ L , ( X , ~ , I X )  and let q~ be a 

sub-~r-algebra of ~. We define a set function v on • by v(C)  =fc fd lx , (C @ q~). 

It is easy to verify that v is absolutely continuous with respect to the restriction 

of IX to ~ and hence by the Radon-Nikodym theorem there is an integrable, 
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q-measu rab le  function E([l~o ) which satisfies" fcE(fl~)dlx = fcfd~, (C E ~). 
We call the function E( f /~)  the conditional expectation of f given ~.  We list all 

the propert ies  that we shall need in one theorem. 

THEOREM 1.6.1. Let the notation be as above. Then: 
(I)  E( f /~)  is unique [/_t] and is determined by the requirements that it be 

q-measurable and satisfy 

fc E( f /~)d#  = f~ [d~ (C E~) .  

(2) If  f is ~-measurable and i f[  and fg belong to L, (X, ~,  tz ) then E(fg/~ ) --- f 

E(g/~o) [p.]. 
(3) Let {~, } be an increasing sequence of sub-or-algebras with ~ ,  t ~.  Then 

l i m , ~ E ( f / ~ , )  = E(f /~)  [tz ] (Martingale theorem). 
(4) If S is a measure-preserving transformation from (X, ~,  ~ ) to itself, then 

E ( f  o S/S-'~o) = E( f /~)  o S[tz ]. 
I 

1.7. A lemma on T-invariant  sets. Let T be a locally compact  separable 

group and let ~ denote  a left invariant Haar  measure on 7'. Let  (X, T) be a 

t ransformation group and suppose A is a Borel subset of X. We then define the 

set Ao = {x E X:  tx ~ A for ~-almost  all t E T}. It is easily verified that Ao is a 

strictly T-invariant  subset of X. 
For a function 4) E L,(T, ~) and a bounded Borel function f on X we define a 

convolut ion 4)* f(x) = f4)(t)f(t- 'x)d¢(t).  Then 4)* f is a bounded Borel func- 

tion on X. Let  S = {4) E L,(T, ¢): 4) ~ 0, }}4)1}, = I}. Given a Borel subset  A of X, 

define A, = {x : 4) * X~ (x) = I for all 4) E S}, where X~ denotes the characterist ic 

function of A. 

LEM~,IA 1.7.1. The sets Ao and A~ coincide. 

PROOF. l f x  EAothenthefunct ionxa( t -~x) .a  safunct ion°n T, i s e q u a l t o  ! 

[¢]. Therefore  if 4 )E  S. 

4)*XA(x) = ~ 4)(t)xA(t- 'x)d~(t)=f~ 4)(t)d~(t)=ll 4)[}'= I, 

and so x E A,. 
If x ~ Ao then there is a subset T,, of T such that 0 < ~(To) < oo and if t - '  E To 

then t - ' x ~  A. Define 4) ( t )=  (I/~(To))Xr,,(t-'). Then 4)E S and 4 ) * X a ( x ) = 0 .  

Therefore  x ~ A,. 

LE~MA 1.7.2. The set Ao is Borel. If tz E M(X, T) and A satisfies tx (A AtA) 

= 0  (t ~ T), then/x(AAA0) = 0 .  

PROOF. Varadarajan [13, p. 196] proves  this for  A,. 
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2. Choquet theory 

The main re fe rence  for  this sect ion is Phelps  [10], part icular ly Sect ions  4, 9 

and 10. In (2.1), we give a number  of  definitions and results  f rom this source ,  

and in (2.2), these are applied to the s tudy of  a part icular  class of  invariant  

measures  for  G-ex tens ions .  In (2.3), we indicate how far  these results  apply to 

more  general  h o m o m o r p h i s m s .  

2.1. General Choquet theory.  Suppose  F is a non -empty  c o m p a c t  convex  

subset  of  a locally convex  space  E and let p~ be a probabi l i ty  measure  on F. A 

point  x E F is said to be represented by tz if f ( x )  = f~fdix for  every  con t inuous  

linear funct ional  f on E. We will say that IX is concentrated on a Borel set S o f  

F i f / x (S )  : i. It is a lways  the case that  a point  z in the ex t reme  points,  %(F),  of  

F is uniquely represen ted  by point  mass  at z. The  main purpose  of  Choque t  

theory  is to try to find represent ing  measures  # which are concen t ra t ed  on 

%(F),  and to find condi t ions  for  uniqueness  of  represent ing  measures  Ix. The  

l~ossibility of  achieving this depends  on F being a simplex and IX being a 

maximal  measure .  We now give these definitions. 

DEFINITION 2.1.1 ([I I, p. 59]). A c o m p a c t  convex  set F is the base of  a 

convex  cone  ~" if there is a cone  F C E  with vertex at the origin such that  y E P 

if and only if there is a unique a ->0 and x @ F with y = ax. 

A cone  ~" induces  a partial order ing on E by x >- y if and only if x - y E F, 

If F is the base of  a cone  F then F is called a simplex if the subspace  

P - F = { w - z : w, z @ F} genera ted  by if" is a lattice in the partial order ing on 

E induced by F. In o ther  words ,  if x, y E P - F, then the greates t  lower  bound  

x ^ y also belongs to P -  F. 

DEFINITION 2.1.2 [ l 1, p. 24]. If  A and /x are nonnega t ive  Borel probabil i ty 

measures  on F we write h > IX if A(D >-/z(f)  for  each con t inuous  convex  

funct ion  f on F. A measure  IX is called maximal if it is maximal  with respect  to 

this partial ordering.  

The C h o q u e t - M e y e r  theorem [1 I, p. 66] states:  If F is a simplex then [or each 

x @ F there is a unique maximal measure tzx which represents x. 

We shall need a few technical  facts  about  maximal  measures .  

THEOREM 2.1.3 [! i, p. 30, 70]. ( l)  A maximal measure tx gives zero measure 

to any Baire subset of  F - % ( F ) ,  and to any G8 subset of  F - % ( F ) .  In 

particular, a maximal measure is concentrated on the closure o f  %( F). 

(2) If  I~ is a nonnegative probability measure which vanishes on every 

compact  subset of  F - % ( F ) ,  then Ix is maximal. In particular, if Ix is 

concentrated on a subset o f  %(F), then Ix is maximal. 
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2.2 Choquet theory and G-extensions. Let (X, T) be a free G-extension of 

(Y, T), and ~-:(G ; X, T)--> ( Y, T). Recalling the notation of (1.2), it is well known 

that M(X, T) is compact  in the topology of weak convergence and is a simplex 

([11, p. 80 ff]). Hence,  for  each /~ @ M(X, T), there is a unique maximal 

probabili ty measure /3 on M(X, T) such that 

I~(f) = f v(f)d~(v) (f E ~(X)). 
(X,T)  

RE~ARK. If X is compact metric, then so is M(X, T), and E(X, T) is a Baire 

subset. Hence, we can assert that fl is concentrated on E(X, T) and obtain a 

unique "ergodic decomposition" of /~. However, in the case when X is not 

metric, the general Choquet theory does not allow us to assert that /3 is 

concentrated on E(X, T) and so we do not obtain an ergodic decomposition of 

/~. 
Our main purpose in this subsection is to show that when (X, T) is a free 

G-extens ion of (Y, T) we can consider a certain fairly natural restriction on 

I~ @ M(X, T) which will then allow us to obtain an ergodic decomposi t ion.  This 

restriction is that ~r*p~ @%(Y,T), that is, we fix an ergodic measure  m on 

(Y,T) and then consider the subset  PmCM(X,T) defined by Pm = 

{tz E M(X, T): 7r*/x = m}. 

RE~ARK. The set P,, is always non-empty.  Given rn E E(Y,  T) we define a 

measure ffi E Pm by putting 

rh(f)  = f x  f~ f(gx)dA(g)d~r-'m(x) (f ~ ( X ) ) ,  

where A denotes normalised Haar  measure on G. The inner integral leads to a 

function which is measurable with respect  to ~ - - ~ ( Y )  and so its integral with 

respect  to ~--~m is meaningful. It is clear that ~-*r~ = m, and hence tfi belongs 

to Pm. We call r~ the Haar lift of m. 
As a first step in our analysis of the structure of Pro, we show that it is 

invariant under the action of P(G). 

LEMMA 2.2.1. lf l~ EP, , ,  then P(G)*I~CPm, 

PROOF. Let f E ~f(Y), /3 E P(G). Then 

where the second equality follows because 7r(gx)='rr(x). Therefore ,  

~-*(/3./ .~)= m and so /3 . /~  ~P , . .  
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In order to apply Choquet  theory we prove: 

THEOREM 2.2.2. The set Pm is a simplex. 

PROOF. The proof  basically copies the corresponding proof  for  M(X,  T) as 

in [ l l ,  p. 78 if]. First note that since P,, =(Tr*)- '{m}, P,, is compact  and 

convex.  

Now let /Sin be the set of finite T-invariant  measures  /x on X such that 

7r'it = I t (X)m.  T h e n / 5  is a cone with P,, as its base. To show that/5,. - /5 , .  is 

a lattice in the space of signed measures ,  it suffices to show that if It, v E/sin 

then tt ^ v E Pro. The greatest  lower bound It ^ u of It and u is defined in terms 

of Radon-Nikodyn derivat ives by 

h ( X ) - d ( i t  + v )  ( x ) = m i n  d( d ( i t + v )  (x) 

To  complete  the proof,  we need to show that 7r*(it ^ u) ~ cm. Let f @ ~ ( Y ) .  

Then 

rr*(it ^v)  (f) = f f (Trx)h(x)d(tx + v) 
J x 

= f E(f(Trx)" h(x)[rc-Ul~(Y))d(it + v) 
J x 

= [ f (~x )E(h /Tr  '.6MY))d(it + v) 
d x 

since [(Trx) is measurable  7r-'9~(Y) (see (I.5) for  the propert ies  of conditional 

expectations).  Since It ^ v is T-invariant ,  we have h o t = h [it + v] (t E T) and 

since also 7 r - ~ ( Y ) i s  T-invariant,  we have E(h/rr  ' ,~(Y))ot  = E(h/Tr-~9](Y)) 

lit + !,] (t E T). Now 7r*(/x + t,) = ( i t ( X ) +  v(X))"  m and m is ergodic, so 

E ( h / ~ r - ' ~ ( Y ) )  is constant  lit + ~,]. Denoting this constant  by a we have 

7r*(tx ^ v) (f) = [ f(Trx), a • d(lz + u) 
3 x 

= a • (Ix (X)  + v ( X ) ) ,  m (.f). 

The proof  is complete.  

Since Pm is a simplex we can make use of  general Choquet  theory in P,, and 

assert  the existence of unique maximal measures  representing measures  on P,. 

for  points in P,.. We now show that the ext reme points in P,. are precisely the 

ergodic measures  in P,. and these form a closed subset.  Hence  we obtain 

representing measures  for M(X,  T) which are concentrated on ergodic meas- 

ures in Pm and therefore  ergodic decomposi t ions  for the measures  in P,,. 

THEOREM 2.2.3. (1) The intersection Pm N E(X ,  T) is non-empty  and is 

equal to %(Pro). 
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(2) I[ v, 71 E Pm N E(X, T), then there exists a g E G such that v = gT1. Thus, 
if v E Pm A E(X, T), then ~ ( P m ) =  Pm N E(X, T)= {gv: g E G}. 

PROOF. (1) It is clear  that  %(Pro) is non -empty  and conta ins  P~ n E(X, T). 
We will show %(Pm)CPm 7 / E ( X ,  T). 

Let  /x ~ % ( P ~ )  and assume that in M(X, T) we can write /x = a~/x~ + a2/~2, 

where  a,,a2>-O and re+a2 = i. N o w  apply ~-* to this relation to obtain  

a,~r*/x~ + a2rr*/x2-- 7r*/x = m. But m is ergodic  and so ~r*/~, = 7r 'p,2--  m. 

There fo re  /x~,/x2@ Pro. Since /x (E%(Pm), this means  /x~ = / ~ 2 = / x ,  and so /x is 

ex t reme  in M(X, T). That  is, /x E E(X, T). 
(2) Let  v , r / E P m  M E(X, T) and assume the sets {gv:g E G} and {g~l:g E 

G} are disjoint.  Cons ider  the measures  )t * v and A * ft. Then  

A . v(f)= fo f(gx)drl(x)dA(g) 

= f~ f [(gx)dA(g)dTl(x) 

= Sx ~o [(gx)dA(g)dTr 'm(x) 

= rnq). 

The  third equali ty fo l lows because  the inner integral is measurable  7r-'.°B(Y), 

and rl agrees with 7r- 'm on r r - ' ~ ( Y ) .  Similarly A * rt = rh. 

As pointed out  in (1.5), the equat ion rh =3,  * v can be regarded as a 

representa t ion  of  r~ by a probabil i ty measure  on {gv:g E G} C ~ ( X ,  T) and 

hence  is a representa t ion  by a maximal measure  (see T h e o r e m  2. 1.3). Similarly, 

the equat ion  rh = A * 77 yields a representa t ion  by a maximal  measure  concen -  

t rated on {g~l:g E G } C ~ ( X ,  T), The dis jointness  of  these subsets  would  

cont rad ic t  the uniqueness  of  maximal  represent ing measures .  There fore ,  there 

is a g E G such that v = gT/. Finally,  the last remark  in the theorem summar ises  

the above  two parts  of  the theorem,  and this comple tes  the proof .  

COROLLARY 2.2.4. The set ~(Pm) is a compact subset o[ M(X, T). Every 

I~ E Pm can be uniquely represented by a probability measure concentrated on 

~(P~). Hence, every I~ E P~ has a unique ergodic decomposition. 

PROOF. Le t  vE~(P,~)  and let H , = { g : g v = v } .  Then H ,  is a c losed 

subgroup  of  G and the set {gv: g @ G}, which is ~(P , . ) ,  is h o m e o m o r p h i c  to 

GIH~ and hence  is compac t .  

Not ice  that if we choose  a different e lement  v0E ~ ( P ~ )  then we obtain a 

subgroup  H~o which is a con juga te  of  H~: if Vo = gov then 14., = goH~go'. The 

spaces  G/H~ and G/H~,, are h o m e o m o r p h i c ,  and no ambigui ty  occurs .  
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For the final part of the corollary we use the Choquet -Meyer  theorem on the 

simplex P,, to obtain a maximal representing measure  for Ix • P,.. Since ~'(P,.) 

is closed this measure  is concentrated on ~ ( P , ) .  And from the fact  that 

~ ( P , , ) C E ( X ,  T) it follows that this representing measure is also a maximal 

measure  on M(X,  T) and hence gives a unique ergodic decomposi t ion.  This 

completes  the proof,  

To complete  the geometr ic  picture of P,, we combine this section with (1.5) 

to obtain: 

THEOREM 2.2.5. Choose any v @ ~(Pm). Then P ,  = P (G )  * v, and is aff~nely 

homeomorphic to P(G/H~).  

PRooF. We have shown in L e m m a  2.2.1 that P ( G )  * ~, C P . .  Now if IX E P , ,  

then there exists a measure  /3 concentrated on ~ ( P . )  such that 

f v ' ( [ )  d/3 (z/), ([ E ~ (X) ) .  Ix(f) 
J~ (Pm) 

Let  c b : G / H v - - ~ ( P ~ )  be the homeomorph i sm given by dP(gH~)=gv. Let 

/ 3 ' =  (~-')*/3 and let ce be any measure on G such that 7r*° c~ = /3 ' ,  where 

7rn~ : G --~ G/H~ is the canonical map. Then since gv(f)  is constant  on H~-cosets 

we have 

Ix(f) = f,~ gr ' ( f )da(g)  = o~ * ,,(f), ( f  ~ ~ ( x ) ) .  

Therefore  Ix E P ( G ) *  t,. That is, P,, = P ( G ) *  v. The final s ta tement  now 

follows f rom Theorem 1.5.4. 

COROLLARY 2.2.6. Pm is a singleton i[ and only if r~ ~ E(X, T). In this case, 

P ,  : {t~}. 

PROOF. This follows f rom (I.5.6) and (2.2.5). 

This last corollary is a generalization of a result of Parry [9]. Also note that 

during the proof  of Theorem 2.2.5 we have shown that if IX = a * u, then the 

representing measure for IX is 7r~a,  if we identify G/H~ and ~(P, , )  under the 

homeomorph ism associated with u. Also, it follows that Pm is a singleton iff 

given v E ~(P,,  ), the " H a a r  convolut ion"  A * v is ergodic. Veech also obtains 

this result [14, Th. 11]. 

In summary,  we have that the set (Tr*)-'(E(Y, T) )C  M(X,  T) can be written 

as a disjoint union of the sets P~,, m E E(Y, T), and each set Pm is a Choquet  

simplex, that is, Ix E P,, is represented by a unique measure concentrated on 

~(Pm). In particular, if (Y, T) is uniquely ergodic then M(X,  T ) =  P,, and so 
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every T-invariant  measure  has a unique ergodic decomposit ion.  Finally, the 

system w : ( G ; X ,  T) ~ (Y, T) goes over  naturally to the sys tem 

-rr : ( G ;  E(X, T)) ~ E(Y,  T) where the G action is by convolution and may not 

be a free action. 

2.3. Generalisations. In this subsection we make some observat ions  about  

how far  the results in (2.2) will extend to the case of a general homomorph i sm 

d~: (X, T)---~( Y, T). 

If  m @ M(Y,  T) then P m =  {/z E M(X, T): ~* t t  = m}. However ,  it does not 

seem clear that one always assert  that Pm~ ~ ,  since the technique of 

integrating via Haar  measure over  fibres is no longer available. Never theless ,  

conditions on T which allow one to say that M(X, T) ~ ~ will somet imes also 

yield that Pm / ~ .  

THEOREU 2.3.1. Let T be amenable and let ~ : ( X , T ) - - ~ ( Y , T )  be a 

homomorphism. If m C M ( Y, T) then P~ is non-empty. 

PROOF. The amenabil i ty of  T means that Stone-Cech compactif ication of T 

(with its discrete topology) admits a left invariant probabili ty to. Now fiT acts 

as a semigroup of t ransformat ions  (measurable  but not necessari ly continuous) 

on X by p(x) -- lim t,x if p = lim t,. The continuity of ~ ,  together with a similar 

action of fiT on Y, yields that qbp = pCb(p E fiT), and if m E M(Y,  T), then 

m E M( Y, fiT). 

Let ,/ be any (not necessarily T-invariant)  probabili ty measure  on X with 

• *T/= m ; such a measure always exists by the Hahn-Banach theorem. Then 

define 

t t ( f ) = f x  (f~r f(px)do~(p))d~?(x) f @~(x). 

It is easy to show that tt E M(X, T). 

Some of the results we have for Pm in the case of a free G-extens ion  carry 

over  without alteration. However ,  we do lose the nice description of %(P,,). In 

the following we use the notation Pm(~) to denote  the "lifted se t"  of m with 

respect  to the homomorphism ~ : ( X ,  T)--~(Y, T). 

THEOREM 2.3.2. Let dp:(X,T)--~(Y,T)  and let m E%(Y,T)  be such that 
Pmffb) is non-empty. Then: 

(1) Pm (dp) is a simplex ; 
(2) %(Pm(qb)) = EtX,  T) fq P,.(~). 
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Now suppose that, in addition, we have a map ~b : (Z, T) --~ (X, T) and assume 

T is amenable. (Or more generally we can always " l i f t"  measures.) Then : 

(3) ~b*p,.(tl)o~b)= p.,(d/)); 

(4) ~*(%(P., ((I) o 40)) - %(P,. (~)). 

PROOF. The proofs  of (1) and (2) are the same as the proofs  of the 

corresponding facts  in Theorems  2.2.2 and 2.2.3. 

(3) Clearly $*Pm ((I)o d ' ) C P ~ ( ~ ) .  Let  to E p~(qb). Then there exists a meas- 

ure (5 E M (X,  T) such that ~*~5 = to. But then qb*~b*8 -- (P'to -- m, that is, 

EP, , (~oO) .  So 4J*Pm((~o~) = Pm((P). 

(4) It follows f rom (2) and the fact  that 4 t * E ( Z , T ) = E ( X , T )  that 

4S*~(Pm(~°4S))C4S*~(Pm(tb)). 

NOW let to E %(P,.((P)) and consider the set P~(~b). If ~ E %(P~(CP)), then by 

(2), 

~ E(X ,  T) n P.,(O)C_E(X, T) N.P,.(qbo ~)  = %(P,. ((l)o ~b)). 

Hence,  to E ~b*E(Pm(~ o ~)). 

The proof  is complete.  

As a special case we look at the splitting of a G-extens ion over  a subgroup H. 

If  H is normal,  then all the homomorph isms  involved are group extensions and 

so we gain no information.  However ,  if H is not normal then we gain some 

information about  the homomorph i sm 7r2 : ( X / H ,  T)--~ (Y,  T). 

COROLLARY 2.3.3. Let 7r : (G ; X, T)---> (Y,  T) split into 7r~ : ( H ;  X, T) 

--* ( X / H, T) and 7r2 : ( X / H ,  T)--> ( Y, T), and let m ~ E(  Y, T). Then P~, (7r2) is a 

simplex and its extreme points form a compact  set. 

PROOF. We know that we can " l i f t"  measures  via the group extensions zr~ 

and ~r. To see that we can lift measures  via 7r2 we simply note that if 

m @ M ( Y ,  T) then 7r*Pm(~r)CPm(Tr2). Since P,,(rr) is non-empty,  it follows 

that Pm(Tr2) is non-empty.  We now apply Theorem 2.3.2 to obtain P,,(Tr2)= 

~'*Pm(rr) and%(P,,(Tr2))= ~r*%(Pm0r)), and that Pm(Tr2) is a simplex. Since 

%(P,,(Tr)) is compact  by Corollary 2.2.4, it then follows that %(P,,(rr2)) is 

compact .  
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3. Abelian group extensions  

3.1. Abelian group extensions on metric spaces. Throughout  this section, X 

and Y will denote compact  metric spaces,  G will denote  a compact  metric 

abelian group, and T will denote a locally compac t  separable group. 

Our purpose in this section is to give a detailed analysis of the ergodic 

measures  of a free G-extens ion  ~r:(G;X,T)---~(Y,T) with respect  to the 

ergodic measures  on (Y,T) .  Loosely  speaking, we fix m E % ( Y , T )  and 

associate  with m the subgroup H(Tr, m)  (see (1.4)). Then we shall show that 

each u ~%(X,  T ) N  Pm(Tr) is a "l i f t"  of m via Haar  measure  on H(cr, m). To 

make this more precise, we make the following definition. 

DEFINITION 3.1.1. Let  H be a closed subgroup of G and split the G-  

extension ¢r into the free H-ex tens ion  ~r, : ( H ;  X, T) -~ (X /H ,  T) and the free 

G/H-extension 7r2 : (G/H; X/H,  T)--~ (Y, T). 

Let  m E % ( Y , T )  and let u C % ( X , T )  NPm(~). We say that u is an H -  

extension of m if u is the Haar  lift (over H )  of 7r ' t ,  and if the projection 

Tr2 : (X/H, T, ~*u)--~ (Y, T, m) is a measure isomorphism mod 0. That  is, there 

exist strictly T-invariant  Borel sets B CX/H,  CC Y with 7 r*u (B)=  I = re(C) 

such that Tr2 is a Borel isomorphism from B onto C. 

Our main result is that any v @ %(X, T) N Pm(Tr) is an H(cr, m)-extension of 

m.  

We first consider the extreme cases when H(Tr, m)  = G and H(¢r, m)  = {e}. 

THEOREM 3.1.2. Let (X, T) be a free G-extension of (Y, T) and let m E 

%(Y, T). If H(Tr, m) = G, then the Haar lift ~ of m belongs to %(X, T) and 

hence is the only measure in Pro. 

PROOF. The condition H(cr, m)  = G means that if the equation 

foTrot_f~otr  -, . 
foTr f~ ITr ml ( t E T )  

has  a solution [~,°]~(Y,K), then T m l .  The proof  of this theorem is a 

straightforward duplication of the proof  of Theorem 3 in [8]. Notice that Parry 

only considers an action of the integers (T  = Z) but his proof  makes  no use of 

this fact.  The last remark follows f rom Corollary i.5.6. 

THEOREM 3.1.3. Let (X, T) be a free G-extension of (Y, T) and let m E 
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E ( Y ,  T). I f  H(zr, m )  = {e} and , ~ ~ (X,  T) with 7r*u = m, then 

7r : (X, T, u) --~ ( Y, T, m ) is a measure isomorphism mod 0. 

PROOF. For  each 3" E x ( G ) =  F(zr, m)  (see (!.4)), choose  a funct ion  f~ of  

type  3' such that f~ ot  = f~[~,] (t @ T). 

Since u is ergodic,  f~ is cons tan t  [u],  say f ~ = c ~ [ u ] .  Let  B =  

{x E X : f~(x) -- a~ for  all 3" E x(G)}.  Since x ( G )  is countable ,  B is a Borel set 

with u (B)  = i. Since each f~ is T- invar iant  [u],  it fo l lows that B is T- invar iant  

[u]. N o w  we replace B by B0 = { x : x t  E B for  if-almost all t E T} where  ~" 

denotes  a left invariant  Haar  measure  on T. By L e m m a  1.7.1, Bo is a strictly 

T-invar iant  Borel set and v ( B o A B ) =  0, that  is, Bo also satisfies u(Bo)=- 1. 

We now show that B0 intersects  each orbit  in at most  one  point.  If x, gx ~ Bo, 

then there exists a t @ T such that tx, tgx E Bo. But then for  each 3' E x ( G ) ,  

f~(tx) =f~(tgx)  = 7(g)f~(tx).  Thus 3'(g) = I for  each 3" E x ( G ) ,  and so g = e. 

The map 7r : Bo---~ Y is a one- to -one  measurable  map and since X and Y are 

metric spaces  we can use Kura towsk i ' s  t heorem [9, p. 22] to say that 7r(Bo) is a 

Borel set and 7r : Bo----~ 7rBo is a Borel i somorphism.  Since 7r o t = t o zr, it fo l lows 

' tha t  ~Bo is a strictly T- invar iant  set, and the fact  that  7r*u = m implies that 

m(rrBo) = v(Tr-'zcBo)= v(~r-'rrBoN Bo)=  v ( B o ) =  i. This proves  the result. 

Finally we combine  T h e o r e m s  3.1.2 and 3.1.3 to deal with the general  case.  

THEOREM 3.1.4. Let (X, T) be a free G-extension of  (Y,  T) and let m 

%( Y, T). Then every u E Z(X ,  T) fq Pm (Tr) is an H(Tr, m)-extension of  m. 

PROOF. For  brevi ty  in this proof  we denote  H(Tr, m)  by H. Cons ider  the 

splitting of  7r : (G ; X, T)--* (Y, T) by the subgroup  H. That  is, we have a f ree 

H-ex t ens ion  7r, : ( H ;  X, T ) - ~ ( X / H ,  T) and a free G/H-ex tens ion  

7 r 2 : ( G / H ; X / H , T ) - - ~ ( Y , T ) .  Let  m E E ( T , T )  and let u ~ E ( X , T )  f3P,,. In 

order  to prove  the theorem we will show that  F(Trz, m ) = x ( G / H )  and 

F(Tr,, 7 r ' u )  = {I}, and then apply T h e o r e m s  3.1.3 and 3.1.2 to obtain the desired 

result. 

First we note  that since H = a n n F ( T r ,  m) ,  we can identify x ( G / H )  with 

F(~, m)  in the sense that if 3, E F(~-, m) ,  then 3' is cons tan t  on H - c o s e t s  and 

uniquely defines a 3 " ~  x ( G / H ) .  It is well known  that all of  x ( G / H )  can be 

obtained in this way.  

We first show F(Tr2, m)  = F(Tr, m).  Choose  3' @ F(Tr, m)  and a funct ion  f~ of  

type 3' sat isfying f~ ot  =f~  (t ~ T). Since f~(hx)= 3"(h)f~(x)=f~(x) for  all 

h E H, it fol lows that f ,  is cons tan t  on H-o rb i t s  and so de te rmines  a funct ion  Iv" 
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on X / H  which is of  type  7 '  and satisfies f~. o t = f~.[Tr2'm] (t C T). T h e r e f o r e ,  

3 " E  F(Tr2, m) ,  and since the o ther  inclusion is obv ious ,  we obta in  F(~-2, m ) =  

F ( ~ , m ) .  We now app ly  T h e o r e m  3.1.3 to the f ree  G/H-extension 
I r2: (G/H;X/H,T) - -~(Y ,T) .S ince  T r * v E E ( X / H , T ) a n d  * * 7"/'2'/T i V ~ "/T*I) : t~l'~ 

there  is a str ict ly T- invar ian t  Borel set B C X / H  of  full r r * v - m e a s u r e  which  

in te rsec ts  each  G/H-orbit in at mos t  one  point .  This  means  that  any  Borel  

func t ion  f on X / H  is equal  [~-*v] to a Borel func t ion  f '  which is cons t an t  on 

G/H orbi ts ,  namely ,  the Borel func t ion  [ '  defined by 

~[(Xo) if {xo} = G/Hx n B 
f '(x) / /  if Q = G / H x n B .  

We  now m a k e  use  of  this new funct ion  jr' to show that  F O r ,  7 r ' u ) =  {I}. I f  

3" E x ( H ) ,  then it is known  that  one  can choose  3' E x(G) such that  3"lu = 3"- 

If f~ is a func t ion  of  type  3' for  the ex tens ion  ~r, then f~ is also a func t ion  of  type  

3" = 3"1- fo r  the ex tens ion  7r,. We  then s tudy  the funct ional  equa t ion  

[ o zr, o t _  f~. o t [zrT' 7 r ' v ]  (t E T)  
f°#,  f ,  

where  f C ~(X/H,  K). As we r e m a r k e d  in (I .3),  if this equa t ion  has a solut ion [ 

for  one  func t ion  f~, of  type  7 '  for  7r,, then it has a solut ion fo r  eve ry  func t ion  f~, 

o f  type  3" for  ~-~. Thus ,  we need only cons ider  f~, where  3 ' ! ,  = 3", and .f~ as 

above .  

Suppose  f o rr,  o t _ f ~  o t 
f o "J'l'l f3' o t ['7"~/1 '~" I~P]  ( t  ~ T )  

where  f @ g13( X I H, K ). Choose  a funct ion  f '  ~ .~13( X I H, K) which is cons t an t  on 

G/H-orbits and such that  f ' =  f[1r*v] as in the p rev ious  paragraph .  T h e n / '  

def ines  a func t ion  f "E f~ (Y ,K)  such that  f " o ~ 2 = f  '. Put t ing this into the 

equa t ion  we obta in  

f"o  ~-2o 7r, o t _  f~ ot  
~t lo  77" 2 o 71"1 f-/ 

[ ~ ' ~ ' * v ]  (t G T).  

This  equa t ion  is now measu rab le  with respec t  to ~r-'7/~(Y) and 7r2o~r, = It, so 

we obta in  
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f"o~rot f~ot [~ ' - 'm]  ( t E T ) .  
f"o~ f~ 

In other words, y ~ F ( ~ r , m ) = a n n H ,  that is, y l , : l .  This shows that 

F(~,,Tr*u) ={i} and hence by Theorem 3.1.2, t, is the Haar lift (over H)  of 

7r*u. The proof is complete. 

As a corollary to this result we give a precise version of a theorem of 

Furstenburg [5, p. 591]. 

COROLLARY 3.1.5. If (X, T) is a free circle extension of (Y, T), then every 

u C %(X, T) is either the Haar lift of ~r*u or is a finite subgroup extension of 

~r*u. The subgroup depends only on 7r*u. 

PROOF. The only closed subgroups of the circle are either finite or the whole 

circle. 

In Section 5 we give a collection of examples of circle extensions in which 

each of the possible subgroups mentioned in Corollary 3.1.5 occurs. 

Finally, we note that in our situation, two subgroups arise naturally: H(~r, m) 

and H ~ = { g E G : g u = u } ,  if uE%(Pm) (note that since G is abelian, 

H~ = H~). Following an observation of J. Johnson, we can show that these 

subgroups are identical. 

COROLLARY 3.1.6. H(lr, m) = H,. 

PROOF. S u p p o s e g E H ~ . T h e n g v = v .  lf y E x ( G )  satisfiesf~ot=f~[rr Ira] 

(t • T), then f, ot = / , I t , ]  (t E T). Since u is ergodic, f, = C[u], C a constant,  

C ~  0. But then C = f f ,  du = f•dgu = y(g- ' ) f f ,  du. Hence, y ( g - ' )  = 1, and 

y(g)  = 1. Thus g~H(Tr ,  m). 

Suppose g (E H(1r, m). Pick u E ~(P,,).  Now ~r*u = 7r*gu, using the notation 

of Theorem 3.1.4. Since u is obtained by the Haar lift over rr*u, and gu by the 

Haar lift over ~r*gu, this means that u = gu, and g @ H~, as desired. 

3.2 .  R e m a r k s  o n  non-metric case. In this subsection we mention briefly 

some of the problems involved in removing the metric assumptions on X and 

Y. Theorem 3.1.2 is in fact valid for non-metric X, Y. The construction in 

Theorem 3.1.3 can still be carried out to obtain a strictly T-invariant Borel set 

which intersects orbits in al most one point. However,  we know of no 

non-metric version of Kuratowski 's  theorem which would then allow us to say 
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that ~r restricted to B was an isomorphism. We could, with a little extra work to 

ensure that 7r(B) is Borel, assert that 7r is a one-to-one homomorphism mod0.  

This gives a somewhat weaker version of Theorem 3.1.3. Our proof of Theorem 

3.1.4 now breaks down because we can no longer show F(Tr,, 7 r ' v ) =  {1}. Our 

proof involves replacement of Borel functions on X / H  by Borel functions 

which are constant on G]H-orbits, and we need Borel measurability of the 

inverse of 7r: restricted to ~r(B) in order to do this. 

4. Inverse limit systems 

In this section we will prove some general results on inverse limit systems. 

Unless otherwise stated spaces, X, X~, etc., are compact  Hausdorf,  and T is 

arbitrary. 

DEFINITION 4. i. Let A be a directed set. We say that a collection (X~, T, v~), 

ct ~ A, forms an inverse limit system if: 

(i) v~ E M(X~, T), for each a E A ; 

"(ii) if ct > fl there exists a homomorphism 7r~ :(X~, T)-->(X~, T) such that 

(iii) if a > fl > 3' then ~r~ = Ir~ o 7r~. 

We denote the inverse limit of the transformation groups (X~, T) by (X, T) 

and denote by 7r~ :(X, T)-*(X~, T) the natural homomorphisms.  Note that if 

a > fl then 7r~ = 7r~Tr~. 

THEOREM 4.2. Let (X~, T, v~), a @ A, form an inverse limit system. Then 

there exists a unique measure v @ M(X, T) such that 7r*v = v~ [or each a @ A. 

We say that (X, T, v) is the inverse limit of the system (X~, T, v~). 

PROOF. This is a standard proof, using the Stone-Weierstrasse theorem to 

construct a linear functional on C(X).  

If to each transformation group (X~, T), we associate the compact  Hausdorf  

space M(X~, T) then we obtain an inverse limit system M(X~, T), a • A, with 

the maps 7r*~ " M(X~, T)--* M(X~, T) when a >/3. 

THEOREM 4.3. The compact Hausdorf space M(X, T) is homeomorphic to 

the inverse limit of the system M(X~, T) (a ~ A ). 

PROOF. This follows easily from the definition of the two topologies 

involved. 

In our next theorem we show that if each (X,,, T, v~) is an ergodic system then 

the inverse limit (X, T, v) is ergodic. 
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THEOREM 4.4. Let (X~, T, v~) be an inverse limit system with inverse limit 

(X, T, v). Then u, C E(X~, T) for each a @ A if and only if v E E(X, T). 

PROOF. It is clear that v ~ E(X, T) implies v~ C E(X~, T) for each a E A. 

Now let us suppose u~ E E(X, T) for each a, and suppose v ~  E(X, T). Then 

v =/3/z + &o, with p ~  to, /3, 8 > 0, and /3 + 8 = i. It follows that for every a, 

v~ = zr*v =/37r*/z + ~57r*to. Since v~ is ergodic, vo = 7r*/z = rr*to. Hence , /z  = 

to = v, a contradiction, and thus v ~ E(X, T). This completes the proof. 

COROLLARY 4.5. The subspace E(X, T) can be identified with the inverse 

limit of the subspaces E(X~, T). 

PROOF. It is direct to verify that the relative topology of E(X, T) coincides 

with the inverse limit of the relative topologies of E(X~, T), a @ A. 

COROLLARY 4.6. The inverse limit (X, T, v) of an inverse system (X~, T, v~), 

a @ A, of uniquely ergodic transformation groups is uniquely ergodic. 

We now look at some special types of inverse limits which are defined using 

free G-extensions. These are a subclass of the quasi-isometric extensions 

considered by Furstenburg in his study of distal flows [6] in the case when X is 

metric. 

(ii) 

(iii) 

(iv) 
~:' < ~. 

We 

DEFINITION 4.7. Let (X, T) be a transformation group and (Y, T) a subflow. 

Suppose there is an ordinal rl such that for each ~: :< rl, there is a subflow 

(X~, T) such that: 

(i) (Y, T) = (Xo, T), (X, T) = (X., T). 

If ~: <~: ' ,  there is a map 7rw :(X~,, T)---~(X~, T) and the system (X~, T), 

together with these maps forms an inverse system. 
For each ~: < r I, (X¢+, T) is a free G~-extension of (Xe, T) for some G¢. 

If ~: =< ~/ is a limit ordinal, then (Xe, T) is the inverse limit of (X~,, T), 

will say that (X, T) is a free {G~}-extension of (Y, T). 

We can now combine our final remark of Section 2 with Corollary 4.5 to 

obtain: 

COROLLARY 4.8. l[ ( X, T) is a free { G~ }-extension of ( Y, T), then E ( X, T) is 

a {Ge}-extension of E(Y,  T). (Regarding E(X, T), etc., simply as sets.) 

If we restrict ourselves to the situation of Section 3, then we can say a little 

more. 
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COROLLARY 4.9. I[ X is a compact metric space, T a locally compact 

separable group and G+ a compact metric abelian group for each ~ <-_ 77, then 

each measure u E E(X,  T) is associated with a sequence (u+l+ <= *l) o[measures 

v+ E E(X+, T) such that v~+, is an H(Tr+.e+.v~)-extension of u+ (using the 

notation of Section 3), and u. --- u. 

In particular, if (Y, T) is uniquely ergodic, and uoC E(Y ,  T), then every 

u E E(X,  T) is "de termined"  by Uo and (H(+r+.++. v+)l+ _-< "0)- 

5. E x a m p l e s  

5.1. Circle extensions. In this subsection we take an example due to 

Furstenberg [5, p. 585] and examine its ergodic measures. We then modify this 

example by using translations by various points of the circle and show how to 

obtain all the possibilities mentioned in Corollary 3.1.5. 

Let  Y = K and let X = K × K with the natural K-act ion on the second 

factor,  g(x, y ) =  (x, gy). We are going to study certain Z-actions on X and Y, 

that is, we study homeomorphisms.  Let  ~" K - ->K  be defined by ~ x  = ax, 

a E K, and let to: K × K-->K × K be defined by to(x, y) = (ax, g ( x )y )  where 

g:K-->K.  Letting 7r be the first projection, ~ ( x , y ) = x ,  then ~." (K 

;X, to)--->(Y,~) is a free K-extension.  

The character  group of the circle is isomorphic to Z and it is easily verified 

that if m E ~ ( Y , ~ )  then 

[ g " ( a x ) ~ ( a X ) i m ] h a s a s o l u t i o n [ E + ( K , K ) }  F(1r, m ) =  n: g"(x)  = f (x )  + 

Notice that F = noZ where no is the smallest positive element of F and then 

H(+r, m)---group of noth roots of unity. 

In [5] Furstenberg constructs a = e 2"++,/3 irrational (hence (Y, ~)  is strictly 

ergodic), and a Borel funct ion/~ :K--> K such that R ( a x ) l R ( x )  is continuous 

and R ( a x ) l ( ~ ( x ) = f ( a x ) l [ ( x )  has no continuous solution +f. Let  to be the 

homeomorphism defined by to (x ,y )=(ax ,  (R(ax) l l~(x))y) .  Furstenberg as- 

serts that (X, tO) is minimal and not strictly ergodic, and in [2, pp. 14-20] Effros 

and Hahn give a detailed proof that this homeomorphism is minimal, and 

discuss its ergodic measures. They prove that each ergodic measure is a 

one-point extension of Lebesgue measure on Y by constructing specific 

isomorphisms. We will indicate how to obtain this result from our work in 

Section 3. We then go on to discuss the ergodic measures for  some related 

homeomorphisms.  Below, we shall assume R :K---~K is Borel and 

R ( a x ) [ R ( x )  is continuous. 
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PROPOSmON 5.1.1. I f  ~b(x,y) = (ux, ( R ( a x ) / R ( x ) ) y ) ,  then each ergodic 

measure [or ~ is a {1}-extension o[ Lebesgue measure on 1I. 

PROOF. The proof  involves showing that F(zr, m ) =  Z Z  which is a trivial 

verification. 

PROPOSITION 5.1.2. l l ,b,(x,  y) = (ax, (R(ax) /R(x)) tany) ,  where ton is a primi- 

tive nth root of  unity, then each ergodic measure [or ~, is an {1, ton,- •., toT,-~} - 

extension of  Lebesgue measure on Y. 

PROOF. (R k (ax) /R  k (x))to k = [ (ax ) / f ( x )  has a solution if and only if to ~ is an 

eigenvalue of ~ .  Since a is not a root of unity, this occurs  if and only if k = n. 

Therefore  F(Tr, m)  = n Z and the annihilator of  F(Tr, m)  is the subgroup 

{l,to~,---, to~-'}.  

These examples  together with Furs tenberg 's  function show that one can 

obtain all finite subgroups of the circle as H(Tr, m) ' s  even in the minimal case. 

Finally we obtain the whole circle, that is, we construct  uniquely ergodic 

sys tems (X, T). 

PROPOSITION 5.1.3. I f  ~b, (x,y ) = Gx,(R (ax )/R (x ))/3y ), and if fl k C: {a" :n ~ Z}  

for every k ~ 0, then ~b~ is uniquely ergodic. 

PROOF. The equation (Rk(ax)/Rk(x))[3 k = [ (ax) / [ (x )  has a solution if and 

only if/3 k is an eigenvalue of ~ .  Our choice of 13 precludes this possibility for  

k~O,  and therefore there is a solution if and only if k - - 0 .  Therefore  

F(zr, m ) :  {0}, and so t/,~ has only one ergodic measure.  This completes  the 

proof. 

5.2 Groups with monothetic subgroups. Given an arbitrary compac t  metric 

abelian group G the problem of which closed subgroups of G can appear  as an 

H(Tr, m)  in a discrete flow seems to be quite difficult. We have seen in (5.1) that 

for the circle we can obtain all closed subgroups.  As a slight generalization of 

this, we note the following types of free group extensions.  

Let H be a monothet ic  subgroup of G (that is, there is an element  ho E H 

such that H is equal to the closure of the cyclic group generated by h0). Define 

a homeomorph i sm q~: Y × G - - - ~ Y x G  by qs (y ,g )=(~y ,  gho), where • is a 

specified homeomorph ism of Y, and 7r : (G;  Y × G, q~)--~(Y,~) is the projec- 

tion. Note  that if H is connected,  then H must be monothetic.  

PROPOSmON 5.2. I. I[ m is a measure on Y for which ( Y, ~ ,  m)  is weak 

mixing, then H(zr, m ) =  H. 
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PROOF. Let T ~ x ( G ) .  Then T E F ( ~ , m )  if and only if the equation 

f(cDy) f(y) -'y(h) [m] (h • H) has a solution for [E ~(Y, K). Since qb is weak 

mixing with respect to m this equation has a solution if and only if y ( h ) =  1 

(h E H).  But then T =- ! on H, and so 3' C ann H. Thus, F(~-, m) -- ann H, and 

H(~,  m ) = H. 

If one is willing to have any arbitrary group act, then there is a trivial solution 

to the above problem: consider the system (G;  G, H)  (i.e., T = H). Then the 

above analysis (with Y a point, and m point mass) shows that H(cr, m) = H. 

5.3 Connected group extensions. It was pointed out in [2] that in the case of 

a circle extension of a uniquely ergodic homeomorphism, the number of 

ergodic measures is either uncountable or one. Using our results of Section 2, 

we can make a similar observation about connected group extensions with 

arbitrary acting group T. 

PROPOSITION 5.3. i. Let (X, T) be a free G-extension of  (IT, T), with G 

connected, and let m E E ( Y ,  T). Then either ~(Pm) is uncountable, or ~(Pm) is 

a singleton (notation as in Section 2). 

PROOF. By Theorem 2.2.5, ~(P, , )  is homeomorphic to G / H  for some closed 

subgroup H of G. Since G is connected, it follows that G ] H  is connected, and 

hence is either uncountable or a singleton. 

5.4 Entropy of group extensions. In this subsection the acting group T will 

be the integers, that is, we are concerned with homeomorphisms. Our purpose 

here is to link the results we have with some known results on entropy. For a 

discussion of entropy, both topological and measure-theoretic, we refer the 

reader to the lecture notes [15]. We use the notation h(@) for the topological 

entropy of • and the notation h,, (~) for the measure-theoretic entropy of 

with respect to a measure m. The space X will be assumed to be a metric space. 

This insures that we are working with Lebesgue spaces when we discuss 

measure-theoretic entropy. 

PROPOSmON 5.4.1. Let (X,~)  be a free G-extension o[ (Y,~b), and let 

m ~ E ( Y ,  ~). Then for all t~,1~, ~ Pm(X,~P), we have h~(~P) = h~,(~p). 

PROOF. Fix v~, v2@ ~(P,,).  Then there exists a g C G such that gv, = v2. 

The homeomorphism g gives a measure isomorphism of the systems (X, v ,  ~P) 

and (X, v2,~), therefore h~,(~) = h,~(4p). This proves the result for the ergodic 

measures in Pm(X,~). The general result now follows from the ergodic 
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decomposit ions of measure-theoretic entropy,  completing the proof. 

PkoPosmoN 5.4.2. With the notation of Proposition 5.4.1, for all i~ E 

Pm(X, dP), we have h , (~)  = hm(O). 

PROOF. By Proposition 5.4.1, it suffices to show that h,~(~) = hm(~), where 

ffl is the Haar lift of m. But this has been proved by R. K. Thomas [I 1, p. 119]. 

We say that a measure /.t has maximal entropy for  qb if h,(qb) = h(~) .  

PROPOSITION 5.4.3. Suppose that m has maximal entropy for 4. Then for all 

/x E Pm (X, ~),  /x has maximal entropy for ~. 

PROOF. H . B .  Keynes [7] has shown that h (~ )  = h(~/,) and Proposition 5.4.2 

shows that for all /z E Pm(X,~)  we have h~(~) = h~,(~). So if h (~ )  = hm(0), 

then h(qb)= h, '(~) for all /x E P , , (X,~) .  

PROPOSITION 5.4.4. Suppose that (Y ,~ )  has a unique measure m with 

maximal entropy (which must then be ergodic). Then (X ,~ )  has a unique 

measure with maximal entropy if and only if tfi is ergodic. 

PROOF. (X, qb) has a unique measure with maximal entropy if and only if 

P~(X, ~) is a singleton. But this is equivalent to ff~ being ergodic (see Corollary 

1.5.6 and Theorem 2.2.5). 

6. Minimal sets in G-extensions 

In this section, G denotes a compact  abelian group. Following Parry [9], we 

make the following definition. 

DEFINITION 6.1. We say that 7 r : (G;X,  T)---~(Y, T) is a free (topologically) 

simple G-extension if there exist continuous functions of type 3' for  each 

y ~ x(G).  
Throughout  this section, f~ will denote a continuous function of type y. 

We will indicate a result analogous to Theorem 3.1.4 for minimal subsets of 

simple extensions rather than for ergodic measures. Similar but somewhat 

weaker results are known in general [4, Prop. 6.4 and Remark 6.5]. We make no 

assumptions on (X, T) other than X being compact  Hausdorf.  

Let  M be a minimal subset of (Y, T). We define F(Tr, M) = {y: f~(tx) = f~(x) 

(t E T, x ~ 7t- 'M) for some f~}. Then F(Tr, M) is a subgroup of x(G)  and we 

denote its annihilator by H(Tr, M). 

DEFINITION 6.2. Let H be a closed subgroup of G. A minimal subset N of 

(X, T) such that N C ~r-~M is said to be an H-extension of M if in the splitting 
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z r , : ( H ; X ,  T)--*(X/H,  T), 1r2: (G/H;X/H,  T)---~(Y, T) the homomorphism 

~r2: ( r r , (N) ,  T)---~(M, T) is a isomorphism and N = 7r~Tr,(N). 

THEOREM 6.3. Suppose M is a minimal subset o f  ( Y, T) and N is a minimal 

subset o f  (X, T) with N CTr ~M. Then N is an H(rr, M)-extension of  M. 

We list a few remarks  which will enable  the in teres ted  reader  to cons t ruc t  a 

proof.  

I. The  result  ana logous  to T h e o r e m  3.1.2 is based on The o r e m I in Par ry  [9, 

p. 98]. The  ex tens ion  of his work f rom an integer  ac t ion  to an arbi t rary  act ion 

invo lves  no extra  work.  To  ex tend  his work f rom a compac t  metric  X to a 

compac t  Hausdo r f  X involves  rep lac ing  the sequent ia l  c o n v e r g e n c e  in Pa r ry ' s  

a r g u m e n t  by net  convergence .  

2. The  a rgumen t  for a result  ana logous  to T h e o r e m  3.1.3 is easy.  If 

F(zr, M ) = x ( G ) ,  then on a minimal  subse t  N C ~ r - ' M  each [~ sa t is fying 

[7 o t = [~ is a cons tan t .  Tak ing  the in te r sec t ion  of the sets of po in ts  where  

[~ = a~ we obta in  a c losed invar ian t  set which con ta ins  N and in tersec ts  each 

orbi t  in 7r-~M in exact ly  one  point .  It is easy  to see that  this set is in fact  N. The  

pro jec t ion  ~- is one - to -one  and  con t inuous ,  hence  an i somorphism.  

3. The  proof  of T h e o r e m  6.3 can now be comple ted  fo l lowing the l ines of 

T h e o r e m  3.1.4. 
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